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Abstract 
Rhandi, A., Dyson-Phillips expansion and unbounded perturbations of linear c,,-semigroups, Journal of 
Computational and Applied Mathematics 44 (1992) 339-349. 
Given a c,-semigroup (U(t)), ~ o on a Banach space E with generator A and an unbounded linear operator B 
on E such that there exists an extension of A + B, which generates a c,-semigroup on E. We prove, with 
some conditions on E or B, that there exist a c,,-semigroup (UB(t)J1 ~ o on E whose generator is an extension 
of A+ B, and&‘B(t)),.o is given by the Dyson-Phillips expansion. We give some applications of our abstract 
theorem to linear transport equations. 
Keywords: Banach lattice; c,,-semigroup; Dyson-Phillips expansion; smallest positive semigroup; perturbation 
of Miyadera type. 
0. Introduction 
In this paper we consider unbounded (positive) perturbations of a c,-semigroup. It is shown 
that the new c,-semigroup is given by the Dyson-Phillips expansion as in the case of bounded 
perturbations (cf. [6]). 
Let E be a Banach lattice with order-continuous norm (cf. [12]). Assume that A generates a 
positive semigroup (U(t)>, > O on E (by which we always mean a c,-semigroup) and B : D(A) ---) E 
is a linear and positive operator such that there exists an extension T of A + B, which 
generates a positive semigroup (V(t)), ~ O on E. 
We show in Section 1 that there exist operators U,(t) E L(E), n E N,, t 2 0, which satisfy 
U,(t) := U(t) and Un,,(t)x:=/‘Un(t-s)BU(s)x ds, ta0, XED(A). (04 
0 
Moreover, the series U,< t) := YZ~=,U,<t >converges strongly (t 2 0) and defines a semigroup 
(4?(%4 on E. Its generator TB is an extension of A + B. Finally, 
U(t) < U,(t) < V(t), t > 0. 
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In particular, (U,( t >>, >0 is the smallest positive semigroup whose generator is an extension 
of A + B. In the particular case of the generator of the Kolmogoroff-semigroup, the existence 
of such a minimal semigroup had been established in [7], cf. Example 1.7. 
We extend this result when B = B, - B_, where B, and B _ are 
domain D(A). 
In Section 2 we give an analogous result without positivity, when 
Miyadera type (cf. [9,13]). We observe also that the semigroup given in 
the Dyson-Phillips expansion (0.1) which converges in operator norm. 
positive operators with 
B is a perturbation of 
[13] can be obtained by 
1. Dyson-Phillips expansion and positive unbounded perturbations 
Let E be a Banach lattice with order-continuous norm and let A be the generator of a 
positive semigroup (U( t >>, ~o on E. We consider a positive linear operator B : D(A) -+ E (i.e., 
Bx E E, for all x E D(A)+:= D(A) n E,). We assume in the following that there exists an 
extension T of A + B, which generates a positive semigroup (V(t)>,., on E. 
In this section we prove the following result. 
Theorem 1.1. The operators U,(t) defined by (0.1) are bounded on E, t a 0, n E N,. The series 
U,(t) = CT=OU,( t> converges trongly (t 2 0) and defines a positive semigroup on E. The genera- 
tor TB of (UB(t)ltao is an extension of A + B. Furthermore, 
U(t) =G l&(t) < V(t), t > 0. (1.1) 
Remark 1.2. It follows from (1.1) that (U,(t)), ~ 0 is a minimal semigroup in the following sense. 
If there is a semigroup (W(t)>, ao such that W(t) 2 0 and its generator G is an extension of 
A + B, then W(t) a U,(t), t > 0. 
Now we establish some auxiliary results. 
Lemma 1.3. The semigroup (V(t)), > 0 is given by the variation of constants formula 
V(t)x=U(t)n+lbV(t-s)BU(s)x ds, fort20 andnED( (1.2) 
Consequently, U(t) < V(t). 
Proof. Let x E D(A) and A > maxMA), s(T)) 
spectral bound on A). We have 
(A - T)x = (A -A - B)x = (0 - BR(A, 
Hence, 
x =R(h, T)(O - BR(h, A))(A -A)x, 
(where s(A) = supIRe( A E a(A)} is the 
A))(A -4x, where R(A, A) := (A -A)-‘. 
x ED(A), 
and so R(A, A) = R(A, TN - BR(A, A)). Consequently, RCA, T) -RCA, A) = RCA, T) * 
BR(A, A). 
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The operator B is continuous in the graph norm because (D(A), II II is an 
+s))V(t)BU(s)x ds dt 
0 0 0 
= /,i exp( -At)( cV(t -s)BU(s)x ds) dt. 
It follows from the uniqueness theorem of the Laplace transform theory that (1.2) holds. 0 
Now we define the operators U,(t) inductively. Let U&t> := U( t>, t 2 0. Suppose that 
u,(t), f.. , U,(t) are constructed. Let 
U,+l(t)x:= ~‘U,Ct -s)BU(s)x ds, for x ED(A) and t > 0. 
That the integral exists follows from the continuity of B in the graph norm. It follows from 
Lemma 1.3 that 
0 G Ul(t)x < V(t)x, for x ED(A)+ and t > 0. 
We can see by induction that 
0 ,< U,(t)x < V(t)x, t > 0, n E Iv, x ED(A)+. 
This implies that I] U,(t)x II G c, II x II for all x E D(A)+, y1 E N and some c, > 0, t 2 0. Since A 
generates a positive semigroup, and has DC Al = D(A) +- D(A) + (i.e., for every x E D(A) 
there are x+ED(A)+ such that x=x+-x_). Hence lIU,(t)xII ~2c,IIxII for all xeD(A) 
and t 2 0 (cf. [16]). Thus U,(t) has a continuous extension to E which is still denoted by U,(t) 
for y1 E IV and t a 0. 
Lemma 1.4. The following assertions hold: 
n-l 
U(t) < c q.(t) < V(t), izEN, t>o, 
j=O 
5 q(t)U,_j(r) = Un(t + r), rzEF$, t, r>o. 
j=O 
(1.3) 
(1.4) 
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Proof. We first show by induction that (1.3) is satisfied. It follows from Lemma 1.3 that (1.3) 
holds for y1 = 1. Suppose that (1.3) is satisfied for some n E N. For x E D(A) + and t > 0, 
V(t)x - 5 q(t)x = V(t)x - U(t)x - k qt>x 
j=O j=l 
=lO’V(t-+?U(s)x ds-n&+,(t)n 
j=O 
= _(V(t - s)SU(s)x ds - /:;g; q(t - s)SU(s)x ds 
J 
t = /I V(t-s)-n&t-~) 1 BU(s)x ds>O. 0 j=O 
Since for x EE,, x, :=nR(n, A)x ED(A)+ and x, +x, n + 03, it follows that (1.3) is satisfied 
for n + 1. 
Now we show (1.4) by induction. The statement is obvious for n = 0. If (1.4) is satisfied for II, 
then for all x E D(A), 
n+l 
C ~(t)U,+1_j(Y)X= ~ ri(f)fU~_j(r-S)BU(S)X dS 
j=O j=O 0 
+ ?_II,(t -s)SU(s)U(r)x ds 
/ 0 
= ?J, t+r-s)BU(s)x ds+ji&(t-s)BU(s+r)x ds 
/ ( 0 0 
= t+kIJt + Y -s)SU(s)x ds = Un+l(t + r)x. 
Since D(A) is dense, we obtain (1.4) for II + 1. 0 
Proof of Theorem 1.1. Since E has order-continuous norm, it follows from (1.3) that for x E E +, 
n-l 
UB(t)x := ,‘lm .z q(t)x exists, t 2 0. 
J=o 
We extend U,(t) to a linear operator on E, t > 0. Then (1.1) holds. We show that (UB(t>>rao is 
a semigroup. By Proposition A.1 (see the Appendix) and (1.4) we have 
m=O n=O 
= 2 2 q(t)Un-j(Y) 
n=Oj=O 
= 2 Un(t+r)=Ue(t+r), forall t,raO. 
n=O 
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In order to show strong continuity, let x E 
IUe(t)x-XI =(ue(t)X-X)++(uB(t)X-X)-. 
Since U(t) G U,(t) G V(t) it follows that 
IU,(t)x-XI <(V(t)x-x)++(U(t)x-x)-G IV(t)x-xI+IU(t)x-XI. 
Hence, 
)I UB(t)x -x 1) G II V(t)x -x II + II U(t)x -x II and j% II UB(t)x -x II = 0. 
Now we show that A + B is a restriction of the generator TB of (U,(t)), >O. From the definition 
of (U,(t)),,, and (U,(t)>,,, we obtain that (1.2) is satisfied with V(t) replaced by U,(t). Taking 
Laplace transforms we obtain for A > s(T) and x E D(A), 
R(A, TB)x =R(A, A)x + /m 
0 
exp( -At),fUB(t - s)BU(s)x ds dt 
0 
=R(h, A)x + lyrn exp( -At)UB(t -s)BU(s)x dt ds 
0 s 
=R(A, A)x + /,m exp( -As)( /,x exp( -At)U,(t)BU(s)x dt) ds 
=R(A, A)x +R(A, TB)km exp( -As)BU(s)x ds 
=R(A, A)x +R(A, T,)BR(A, A)x. 
Hence, R(A, T,)(O - BR(A, A)) = R(A, A) and for x E D(A), 
R(A, T,)(A -A -B)x =x. 
This implies that A + B is a restriction of TB. q 
More generally, the following holds. 
Corollary 1.5. Let B + : DC A) -+ E, B_ : D(A) + E be two positive linear operators such that 
A +B++B_ admits an extension TB++13- which generates a positive minimal semigroup 
(U,+ t,-(t)), > 0 on E. Then there exists an extension TB + _B - of A + B + - B _ such that TB+ _B- is 
the generator of a semigroup (UB+_B-(t))f>O on E, which can be obtained by the Dyson-Phillips 
expansion (0.1) and 
lU,+_,-(t)xl GU~++~-(t)Ix(, forallxEEandt>,O. (1.5) 
Proof. In the sequel we put B := B, + B_ and C := B, - B_. It follows from Theorem 1.1 that 
U,(t) = C~=,U,(t) where U,(t) := U(t) and 
U,+l(t)x := L’UJt -s)BU(s)x ds, for x E D(A), t 2 0 and n E IV. 
For t & 0, we define by recursion operators W,(t) E L(E), t 2 0, n E IV,, such that 
Iy(t)xl d&(t)l I x is satisfied for all x E E and t > 0. (1.6) 
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The W,(t) := satisfies (1.6). (W,(t)), > is defined, set for E D(A), 
:= k’&(l ds, t 0. 
Then, x E we have 
~/‘Iw,(r-s)CU(s)nlds~~fu,(t-~)lCU(~)~ld~ 
< ;c:,i = Q+i(t)X. 
+ i( t) can be extended uniquely to an operator W,, i( t) E L(E) and (1.6) is 
satisfied for yt + 1 (cf. [12, p.2341). The inequality (1.6) implies that U,(t)x := E~=,W,,<t>x exists 
for x E E and (1.5) holds. 
As in the proof of Theorem 1.1 and from Lemma 1.4, we conclude that (U,(t)), ao has the 
semigroup property (cf. Corollary A.2). 
To prove the strong continuity we make use of Lemma 1.3 and (1.5). In fact, for x ED(A)+, 
IQ.(t)x-xl < IU(t)x-xl+j-$(t-s)CU(s)xlds 
< IU(t)x-x I +jk&(t -s)SU(s)x ds 
= ,U(t)x-xl+luu,ox-U(t)xI. 
Since D(A) is dense and D(A) =D(A)+-D(A)+, it follows that 
lim I\Uc(t)x-xll =O, for all xEE. 
t+0 
Let T, be the generator of (Q(t)), ao. Then A + C is a restriction of T, (see the proof of 
Theorem 1.1). 0 
Example 1.6. Let D = 5 c IF!“, and let Vc R” be locally compact in the induced topology. Let p 
be a (locally integrable) Bore1 measure on V. We apply Corollary 1.5 to the linear transport 
equation 
g( t, X, u) = --u *grad,f(t, x, u) -h(x, u).f(t, x, u) 
+ ,k’x, u, v’>f(t, x, u’) d&f), / 
where ta0, XED and VEV. 
Let h : D x V -+ [0, m] be measurable such that 
0 
/ ( h x+sv, v)-d&a, 
for all 0 <t <t-(x, v) a.e. on D X V, 
-t 
where t-(x, v) := inf{s > 0; x - sv e D}. 
Hence, A := To - h is the generator of a semigroup (U(t)>, > o on L’(D X V, A” X p>, where 
A” is an n-dimensional Lebesque measure and To is a realization of the differential expression 
--u . grad, on a suitable domain (cf. [14, Section 11). Let k ~ : D x I/X I/+ [0, m] be two 
measurable functions such that 
/( k++ k-)(x, u’, 4 d&‘) d(x, u), A” Xp-a.e. on D X I/. V 
Consequently, we can define the minimal semigroup (19”++~-(t>)~ 0 on E; its generator 
is an extension of A + B, + B_, where D( B,) = D(h) and B+f(x, u) := 
:$;%c u u’)f(x u’> dp(u’). 
_ _ 
Hence, by Coroilary 1.5, there exists an extension Te+_B- of A + B+- B_ such that Te+_B- 
is the generator of a semigroup (U,+ _,-(t>>, > 0 on E. 
In the rest of this section, we give an example where A + B has several extensions which 
generate positive semigroups. 
Example 1.7. We consider E = 1’(FU). Let a := (a,),, t N be a sequence in (0, m). Let B := (b,j)i,j E N 
be such that 
bij=O, for iijor i>j+2 and bCj+l,j=aj, forall jEkJ. 
Let A be the maximal multiplication operator in E associated with the sequence -a. Then A 
is the generator of a positive contraction semigroup (U(t)> t2,o given by U(t>x := (xi exp( -tail),, 
XEE, t>o. 
On the other hand, B is a positive operator, D(A) c D( B) and 
((A + B)x, 4) = 0, for all x E D(A), where 4(x) := 2 x,. 
n=l 
Consequently, we can define the minimal semigroup (U,(t)), >0 on E; its generator TB is an 
extension of A + B (cf. [7,15]). 
The semigroup (U,(t)>, >0 is called stochastic if II U,(t)x I( = II x )I for all x E E, and t 2 0. 
It follows that (U,(t)>, ao is stochastic if and only if C~=,a,’ = ~0 (cf. [7]). Now, let (a,), be 
chosen such that <U,< t I>, r 0 is not stochastic. Then there exists x E D(T,) such that ( Tex, 4) 
# 0. For y E D(T,)+, we consider the operator C with domain D(T,) defined by 
Cx := TBx + (TBx, &y, x E D(T,). 
It is clear that C is another extension of A + B. 
Hence, by [5, Theorem l] C is the generator of a semigroup (V(t)>,,, on E. Since C is 
dispersive, it follow from [lo, Theorem 1.2, C.111 that (V(t)), > o is positive. 
2. The perturbation of Miyadera type 
Let E be a Banach space and A be the generator of a semigroup (U(t)), a0 on E with 
domain D(A). We consider D(A) with the graph norm ]I . II A. 
A continuous linear mapping B :(D(A), (I - II A) -E is called a perturbation of Miyadera 
type if there exist (Y E (0, 031 and y 3 0 such that 
dt~yllxll, for all XED(A). (2.1) 
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Proposition 2.1. If B is a perturbation of Miyadera type, then the operators U,,(t) defined by (0.1) 
are bounded on E, t > 0, n E N,, and we have 
IIUn(t) II GM exp(wt>P,(t), (2.2) 
where it4 2 0 and w are constants such that II U(t) II <iI4 exp(wt) for all t > 0 and P,(t) is a 
polynomial of degree n. 
Proof. For t > 0 and x E D(A), we put 
U,(t)x := /:U(t -s)BU(s)x ds. 
Then 
GM exp(wt)[r~l/(itl)a exp( -ws) II BU(s)x II ds, 
j=fJ ja 
where [t/a] is the integer part of (t/a), 
= A4 exp( wt ) ‘I$01 ia exp( -ws) 11 BU(s) exp( -wja)U( ja)x II ds 
[t/al 
G yK exp(wt) C II x II 
j=O 
= yK exp(wt)([t/cz] + 1) II x II, where K= 
i 
$‘exp(_wa) 
, 
$ r 2 i’ 
This implies that U,(t) can be extended uniquely to an operator U,(t) E L(E) and (2.2) holds 
for II = 1. The same argument yields the proof of the induction statement. 0 
Remark 2.2. Let (0, V) be a measure space. If A is the generator of a positive semigroup 
W(t>>, > 0 on L’(V) and B : D(A) + L’(v) is a positive linear operator, then B is a perturbation 
of Miyadera type. In fact, let x E D(A)+, a > 0 and /.L > s(A). Then we have 
cll Bu(t)x II dt = / a exp(pt) exp( -pt) II BU(t)x II dt 
0 
w~(w)~~ ew( -pt) II BU(t)x II dt 
= exp(pcw) ka exp( -@)BU(t)x dt 
II I/ 
G exp( pa> Blom 
I/ 
exp( -pt)U(t)x dt 
I/ 
= em(w) II BR(p, A)” II G y II x II, 
where y := exp(pa) II BZ?(p, A) II. 
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For x ED(A), we put x,,&.- nR(n, A)x + where y1 > s(A). We have 
x,,+eD(A)+, lim 11(x.,+--x,,_) --x II A = 0 and 
n4m 
,‘lt II x,,+--x+ II = 0. 
It follows that 
[II BW)(xn,+ -x,,_) II dt < y( 11 x,,, ll + 11 x,,p 11) 
and 
/-)I BU(t)x II dt < y( II x, 11 + II x_ 11) = Y 11 x 11. 
Proposition 2.3. Let the assumption be as in Proposition 2.1 with y < 1. Then A + B generates a 
semigroup <UJ t >I, a 0 on E and 
G(t) = fI K(t) ( converging in the operator norm), 
n=O 
where W,( t 11, E N, is given by (0.1) for t 2 0. 
Proof. By [13, Theorem l] one has that A + B generates a semigroup (U,(t)), a o on E, 
U,(t) = L Elw” n U (t) for t E [0, a) and that this series is convergent in the uniform operator 
topology. 
By the same proof as in Theorem 1.1, we see that 
k C$(t)U,_j(r) = Un(t + r). 
j=O 
(2.3) 
Now it suffices to show by induction that 
I&(t) = c K(t) . 1s convergent in the operator norm for t E [ 0, ma!), m E N. 
j=O 
(2.4) 
This is true for m = 1. Suppose that (2.4) is satisfied for m. Let t E [ma, (m + l)cy), then 
it E LO, ma) and U,<$> = EnEN,, ,, 2 U (‘t) (converging in operator norm). Hence, 
UB(t) = u.( it)&3( tt) = ngo Kz( it)mco IJz( it) = 5 5 q( +t)un-j(ft)* 
n=Oj=O 
It follows from (2.3) that (2.4) holds for m + 1. 0 
Appendix 
Let E be an ordered Banach space with a positive cone E, which is generating and normal 
(cf. [4,12]). 
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Proposition A.1. Let (U,,), (V,) be two sequences of bounded positive linear operators on E such 
that U := CnENoU,, and V := CnEN,Vn converges strongly. Then 
UV= C 2 UVn_j converges strongly. 
nENOj=O 
Proof. For x E E +, we put 
&x:= f unx, TNx := E I/nx, W,x := 5 2 L.$(c_jx) and 
n=O n=O n=Oj=O 
K,x:=S,( T,,,x). 
We can see that for x E E,, K,x < KN+I~, W,x < WN+Ix and 
II K,x - U(k) II G II K, x - S,( vi) II + II U( fi) - S,( fi> II 
< II U( I/x - T+) II + II U( tic> - S,( fi) Il. 
Then U(Vx) = limN__,KNx, x E E,. Furthermore, W,x G K,x < W,,x for all x E E,. If we 
put Kx := U(Vx> = lim,,, Knx, then W,,x < K,,x =G fi and 0 < Kx - W,,x < Kx - Knx, 
XEE,. 
Consequently, for x E E,, II Kx - W,,x II G II Kx - KNx II. Since E, is generating, one has 
n 
U(Vx) = c c U(K_jx), for all x EE. 0 
Corollary A.2. Suppose that E is a Banach lattice with order-continuous norm. Let (tin), <c> be 
two sequences of bounded linear operator-s on E. Let (U,), <V,> be two sequences of bounded 
positive linear operators on E such that I U,x I < U, I x I and I V,x I < V,_l x I, n E No, for x E E. 
If GZEN” U and EnEN ,, n V converge strongly, then C, E N,Un and C, E N,Vn converge strongly and 
nEN, IZEN, nEN, j=O 
Proof. Since E has order-continuous norm, it is easy to see that C, tN,~n and C, E N,pn 
converge strongly. We put 
n=O n=O n=O j=O 
For x E E, we have 
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Since for all x E E, 
Itinxl~Unlxl and Il/,xl<1/,Inl, TZEN, 
one has 
349 
flEN, PlEN” nEFUi, j=O 
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